Appendix: Rational Expressions

Part 1: Addition and Subtraction of Rational Expressions

Addition and subtraction of rationd expressionsis donethe same way as addition and
subtraction of numerical fractions Changeto a common denominator (if necessary), combine
the numerators, and then simplify. Hereis an example:

TheLeast Common Multiple (lowest common 4 4 2x

denominaor) of (x+3)(x+2) and (x+2) is (x+2)(x+3) * w42

(x+3)(x+2).

Thedenominaor of thefirst fraction aready isthe =4 4 2x (X))

Least Common Multiple. To get acommon (X*2)(x+3) * X*2 7 (x+3)

denominaor in the secondfraction, multiply the

. (x+3)

fraction by (x+3) " aform of one(2).

Multiply the numerator and denomnaor of the - 4 2x(x+3)

secondterm. (X+2)(x+3) ~ (x+2)(x+3)

Distribute the numerator. - 4 2x2 +6x
(x+2)(x+3) ~ (x+2)(x+3)

Add, factor, and simplify. — 2x246x+4 _ 2(X+D)(X+2) _ 2(x+1)

T (x#2)(x+3) T (x+2)(x+3) T (x+3)

Here are some additional examples that illustrate how to add or subtract, then simplify.

2! X 4 3x+6 3 X
a. xtd T x+a b 63 Y ol
— 2! x+3x! 6 _ 3ty
X+4 - (x+2)(x+3)
=24 _ 1(3+x)
x* ~ (+2)(x+3)
— 2(x! 2) 1
xX+4 =12
3 __2 8) 4
c. x-1 x-2 d. X X+2
=Xx=2 3 _x1 2 —(x+*2)ug | xn_4
x—2 x-1 x-1 x-2 T(x+¥2) X X x+2
—_3(x=2) __2(x-1) _ 8(x+2) | _ ax
(x-D(x-2)  (x-1)(x-2) TOX(x+2) T x(x+2)
— 3x—6-2x+2
= OX=0—2XTe — 8x+16! 4x
(x-1(x-2) T x(x+2)
— X—4
=___X=4 — 4x+16
(x-1)(x-2) T X(x+2)
— 4(x+4)
T x(x+2)
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Problems

33X 44 X 2
1. x!'7 + x!7 2. (x+2)(x+3) + (x+2)(x+3)
8x+3 _ 2x-6 2x 7
3. 2x+3  2x+3 4. (x! 2)(x+5) + (x! 2)(x+5)
x 1 3 X+6 | _3x
S X+3° X 6 2X+1 x!
_6 4.2 x!I'8 4 x+1
7. x(x!'3) + x+3 8. 3x!I'1 + X+
9 5x | 7!2x 10 3x+1 _ _ 3x+5
© 101 3x T x+l " x2-16  x2+8x+16
7x'1 | _ 6x 3 44 41
i x212x1'3 x2Ixl2 2. it nxtx
13, X1 L 14, 2| x4
: gy2| 4X2 to3y+2x : x+4 " x2! 16
15. X+4 I x!'5
x21 3x1 28~ x2+2x! 35
Answers
3x+4 1 3(2x+3) _
L. x!'7 2. X+3 3. 2x+3 3
4 2x+7 5 x213x9 6. L15x212x130
(X! 2)(x+5) : X(x+3) ’ (x! 5)(2x+1)
7 2(x?+9) g 4x214x117 9 1x2+46x1 70
T X(X=3)(x+3) T (x+2)(3x!'Y T (x+1)(10! 3x)
4(5x+6) X+2 1
10. —(x! P, 11. C3(2) 12. )
2X 1 2X
13. (3y+2x)(3y! 2x) 14. xX+4 15. (X+7)(x=7)
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Part 2: Multiplication and Division of Rational Expressions

To multiply or dividerationd expressions follow the same procedures as you did with numerical

fractions However, you need to first factor in order to smplify. Here are two examples:

Example 1:

Example 2:

Here are two additiond examples. Think aboutfactoring first, then perform each operation.

X2 +6x I X2 +7x+6 ; ;
Multiply 62 21 and simplify your result.

After factoring, our expressions become: (xir((e);(+>?2 3) ! (())((:(13))((;(?))

After multiplying, reorder the factors: g:g; Ei:g% (XX ) &:3

. 6 1
Since 8:6; =1 and E>>§+1§ =1, simplify: 111125 11# 5

2 _oy_ . .
Divide le 4x15 1, S 2x=15 and simplify your result.
I 4x+4 X< +4x-12

X2—4x-5 | x2+4x"12

First, change to a multiplication expression: '
Xc—4x+4  x<"2x"15

Note that the second fraction is inverted (flipped).

(x=5)(x+1) (x+6)(x-2)
(x=2)(x=2) ~ (x=5)(x+3)

After factoring, we get:

()C! 5) u(x! 2) n (x+l) ||()C+6)
(x15) (x12) (x12) (x+3)

Reorder the factors:

(x+1)(x+6)
(x! 2)(x+3)

5 . .
Since EX' 5; 1 and Ex, 2 =1, simplify:

214515 &y x212x115 _ (x+1)(x+6) X2 +7x+6
ThUS, x=! 4x! QX 1 ZX! —
x21 4x+4  x2+4x112 (X! 2)(x+3) x2+x! 6

Simplify when it is hdpful.

X2 +5x+6 n_4x — (X+2)(x+3)u_4x _ 4(x+3)
x21 4y~ X+2 x(x! 4) (x+2) (x! 4)

b X212x  Adxt —  x(x12) w(x!'2) _ 1

2axtda X2 T (XI2)(XI2) 442 T 4X
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Problems

Perform each opeation bd ow and ssmplify your results.

1 x211ux2l 4 2 x21 2x1 3ux2+4x
’ X+2 x'1 ’ x! 3 X+1
3 x2 +12x+36 Oxz +11x+30 4 8Xx ("32x2! 16X
x2+3x118  x2+4x! 21 4x21 8x! 96 x+4
5 3x21 27x! 30w _6x2+24x 6 Padb| Ol
9x2 x21 6x! 40 10x2  5x2+5x
7 x2116 nx213x118 3 X210 x1 6 nx2+2x! 15w x2+4x! 21
(x! 4)2 x212x124 x2+3x1 10 X21 6x+9  x2+9x+14
9 X21 X! 6 nx2+7x+12 10 x21 x! 30 wx2+11x+24
x21x120 x21x!6 x2+13x+40  x2! 9x+18
11. A5!5x __5x 12, A7x+119 . _ 9xI1
x2! x! 6 x2+6x+8 x2+5x! 14 x2! 3X+2
13 2x215x1 3w 9x211 14 X211 AXS+x2! 2%
3x21 10x+3  4x2+4x+1 x21 6x! 7 xt7
Answers
21 vyl 2 x+7
1. x¢! x!2 2. Xc+4x 3. 5
1 2x+2 (X2 +1)(x+1)2
4, 51— 5 2ux2 g Leruods
x21 14x+48 x X
(x+3) (x! 3) (x+3)
I (x!' 4) 8. xI'2) . (x!'5)
(x+3) I (x+4) 17(x! 1)
10. &3 11, ) 12. g
(3x+1) ]
13. (2x+1) 14. X(X+2)
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Part 3: Solving Rational Equations

To solve rationd equaions(equaionswith fractions) usudly it is best to multiply everything by
the common denoninator to removethefractions Then solve theequaionin theusud ways.

Here are two examples.

24 -16

Examplel: =%

Multiply both sides by thecommon
denomnaor (x+1).

(X+1) 5o = (x+1)(16)

X+1)

Then smplify.
24=16x+16
8 =16x
8 — 16x
16~ 16
x=3

2

Example2: > +&=8

Multiply each term by the common
denominator 6x.

6x( 2 +1)=6x(8)
Then smplify.

6x(2—5X)+ GX(%) = 48x
15+ x =48x

15=47x

— 15
X= 27

Here are some additiond examplesthat illugrate solving rationd equaions

3x(§):3x(§)
x2 =12
X =412 =23
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x(xt () =t (4)

x2=4(x! 1)
x%! 4x+4=0
(x! 2)(x! 2)=0
x=2

141 -
d. x+x+1 3

x(x+1) (2 +-4) = x(x+2)(3)

x+1
x(x+1) (%) +x(x+1) (ﬁ) =3x(x+1)
(x+2)+x=3x2+3x
2x+1=3x2+3x
0=3x2+x!1
Using the Quadratic Formula:
x!"0.43"0.77
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Problems
Solve each of thefollowing rationd equaions

3x —x!'2
L 57 4

X =3
S. 48 7 x
7. Z=x+4
9 X-:I;’G:X

11. 2X1_x11q

13, &f8+1-

3, 5 _
15. ;+——!2

Answers

1L x=x6x=1!1 2. x=3

4. x=115 5. Xx=#+12
7. x=16 8 x=7
10. x=#20=+2\5 11. x=0,4
13. x=6 14, x=2200
16. x=113
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10.

12.

14.

16.

4X 4 2 —
9+3 2
2x) 1137
5" 3 3
1 43 -
2X+5X 7
2x=1 — 13
X X
X=4
5 x
x-1 3
5 x+l
1,1 —
x+x+2 3
2x+3 | x!'7 — 2x!'3
4 ° 6 12
=1
3 x—3,1
=1
6. x=75
9. x=3
12. x=#4
_ 3+v51
15 x =351
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