CONIC SECTIONS 1111861134

Students revisit parabolas to examinethem from ageometric approach rather than from
theequaions They learn that the specia propaties of a parabolaare wha make a
satellite dish work. Students also learn where they can find a parabola ona cong as well
asfind other curvesthere. These curves, known asthe conic sections arethecircle,
parabola, ellipse, and hypebola. Starting from a geometric definition of each of these
curves, students develop methodsfor writing thar equaions For further information, see
the Math Notes boxes following problems 11-55 on page 568,11-68 onpage 571, 11-86
onpage576,11-98 onpage 580 and 11-116 on page 585.

Example 1

Sketch the paabolatha isthe set of al points equidistant fromthefocus (2, 3) and thedirectrix

y="11.

Mog students first saw a parabola when they graphed y = x? , and have always thoughtof a
parabola as theresult of graphing a quadratic equaion. Buttheactud definition of aparabolais
theset of all points equidistant from a point (called the focus) and aline (called the directrix).
Given apoint andaling we can find theequaion of the parabola defined by them.

To dothis, we choo® ageneric point (X, y) tha is equidistant from
thepoint (2, 3) andtheline y = -1. Thedistance from the point

(x, y) tothefocus(2, 3) is:

d=\(x-22+(y-37.
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Thedistance fromthe point (x, y) andtheliney=1!1isy—(-1),orsmply y+1 sincethisisa
vertical segment. The parabolaistheset of all points where these two distances are equd.

Theefore, we can write:

y+1=(x=2)2 +(y-3)

since we are looking for al the points (x, y) tha
make these two distances equd. To solve this
equdion, we begin by squaing both sides of the
equdion.

After completing the squae, we can see that this

parabola has avertex of (2, 1), and opensupward.
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Example 2

Show how you can dice a coneto create each of the following curves.
a Adcircle b. Andlipse c. A paabola d. A hypebola

For each of these curves we will dice aconewith a plane intersecting the coneat different
angles. Althoughwe typically think of a coneas a @ircular-based pyramid,Oa complete cone
actudly hastwo hdves. Each hdf touches at thetips When we dice this cone we haveto
consgder wha happensin both haves.

Thecircleistheeasiest to find onthecone Simply dlice thecone
anywhere other than at theintersecting tips with aplane parald to the
bases. We can create circles of any size radiuswith this method. To
produe an ellipse, angle the planedighty. We can rotate the plane any
number of degrees up to the point where it is parallel to the side of thecone

Oncetheplaneis padld to theside of thecone we nolonge have an
dlipse, butingead we have apaabola. Inthefigure at right, theplaneis
paalle tothesdeandthe paabolais shown at thebottom of the second
figureat right Sincetheplaneisparallel to theedgeof thecone the
intersection will continue forming thecurve of theparabola. Thiswill
expand wider and wider as the conedoes.

If we continued to tip the planetha created the parabola steeper and steeper,
the planewould eventudly interest the othe hdf of the coneaswell. When
this happens we get the hypebola, which has two branches.

Example 3

Write theequaion of an ellipse whose fod are (2, 3) and (2, £6), and
the sum of thedistance from a point ontheellipse to each focus @ 0 )
pointis12.

,""’dz

Thelocusdefinition of an ellipse istheset of all points whose sum of
thedistances from two fixed pointsis a congant. In this example the
two points are thefod (2, 3) and (2, £6) (fod isthe plura of focus),
and thecondant sumis 12. To come up with the equaion we will
use this definition and the process we used to write the equéaion of
the parabola.

(2 £6)

Begin by letting (x, y) beany point ontheedllipse. Thedistance fromthis pointto (2, 3) we will
cal d,

dy =J(x! 22 +(y! 3)2.

Thedistance from (X, y) to theothe focuspoint, (2, £6) will bed,, and
dy = (X! 2)2+(y+5)2.
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Since the sum of these two distances is a congant of 12, we can write:
12=d, +d,

122 (X1 22 +(y! 32 +4J(x! 2)2 +(y+5)

Thealgebrato simplify this equaionwill notbe as easy as the algebra used when finding the
parabola. Wewill squae both sides, but squaingwill not completely eliminate theradical. In
fact, we will have to square twice to completely eliminateit.

122 (x=27 + (y= 37 +{(x= 27 +(y +5)?
12-(x=2) +(y=3) =(x=27 +(y +5)?
(12-Ja—22+ -3 )2 = (Ja—22+G+52 )2
144 = 24J(x =22 +(y= 37 +(x =22 +(y= 31 = (x =22 + (y +5)?
144 +(y =37 = (y+5) =24 /(x=2)> +(y = 3)?
144 +y2 — 6y +9—y2 =10y — 25 = 24\/(x - 2) +(y - 3)?
128 — 16y = 24/(x — 2)% + (y — 3)?

(128-16y) = (24J<x —2? +(y-3) )2

(128! 16y)? = (24\/(x 1 22 +(y! 3)2 )2
16384! 4096y +256y2 = 5763(x! 2)2+(y! 3)2§
16384! 4096y + 256y2 = 576(x2 ! 4x+4+y2! 6y+9)
16384! 4096y + 256y2 = 576x2 | 2304x + 2304+ 576y2 | 3456y + 5184
0=576x2! 2304x + 320y2 + 640y ! 8896
0=576x2! 4x)+320(y2 +2y)! 8896
0=576x2! 4x+4)! 2304+ 320(y% +2y+1)! 320! 8896
0=576(x! 2)2+320y +1)2! 11520
11520=576(x! 2)? +320(y +1)?

11520 _ 576(x! 22 | 320(y+1)?

11520~ 11520 11520
2
_ (x12)2 | (4D
1= 20 + 36

An equaion of an ellipse and ahypeabolaiswritten so tha it isequd toone Anélipsis
formed when thesum of thedistancesis condant; a hypebolais formed when the difference of

thedistancesis a condant. Read the Method and Meaningsbox following problem 11-116for
further information abouthypebolas.
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Problems

For each of thefollowing sets of daa, write thegraphing form of the equaion of the paabola
with the given focus and directrix.

1. Focus (O,%) 2. Foaus (0,—1—12 3. Foas (0,4)
N 1 o | Directrix: y=14
Directrix: y=—+ Directrix: y =15
4. Fowis (5,1 5. Focus (—4,-2) 6. Foaus (! 1,6)
Directrix: y=-3 Directrix: y=3 Directrix: x=3

Write each of thefollowing equaionsin graphing form, and state which conic sectionit is.

7. 2x>+5y*> =098 8 2x%2-y2=2 9. y-x*=-5

10. 3x2-7y=47 11. x2+y2+2x=17 12. 9x2 +25y? =225

13. xy=112 14. 16x% —3y? =11 15. X2 +9y2 —10x+ 36y = —4-
16. y=x>+8x+9 17. x21 y21 2y=17 18. 18x! y>=1144
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11.

13.

15.

17.

y=—qgla+d)?+3

—+——1 dlipse
5

y=x2 -5, paabola
(x+1)2 +y? =18, circle
y=-12 hypebola

(x! 5)2 L +2)? (y+2)

18 =1, ellipse

X2 _ (y+1)

16

=1, hypebola
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10.

12.

14.

16.

18.

y=13x2
y=g(x! 5211
x=1g(y! 6)2+1
32
x21 > =1, hypebola

y=3x2-41 paabola
2 2 .
=+ =1, élipse

2

! —_1 hypebola
3 TG

y=(x+4)? -7, paabola

x=4gy*! 8, paabola
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SAT PREP
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If k=5rand =6, wha isthevalueof 5k ?

a b5 b. 6 c. 30 d 36 e. 150
Someintegersin set U are negative.

If the statement aboveistrue which of thefollowing mug also betrue?

a.  Allintegersinset U are negdive.

b. Allintegersin set U are postive.

c. If aninteger isnegative, thenitisinset U.

d. If aninteger ispostive, thenitisinset U.

e. Notal integersin set U are postive.

Squaingtheprodud of x and4 givesthesame result as squaing the difference of x and
4. Which of thefollowing equaionscould beused to find al the possible values of x?

a 4x2=x24+42

b. (4x)?=(x! 4)?

c. 42x=x21 42

d.  (4x)2=x2+42

e 4x%=(x+4)?

To make Tam@ tantalizingly tasty toffee cookies, flour, suga and salt are mixed by weightin

theratio 7:3:1, respectively. In order to make 11 poundsof the doughfor this cookie, what
weight of suga, in pound,is needed?

a 7 b. 3 C. 1 d.

wl-
(]
Y-

Thelocal donutshopdonaed some donus to Professor Galactic@® astronory class. If each
student takes two donus, there will be 16 donuseft. If four students do nottake any
donusandtherest of thestudents take six donus, there will beno donus left. How many
donus were donded to the class?

a 24 b. 30 c. 36 d. 40 e. 48
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6. Tran can mow thelawn in three hours while it takes Collin four hours to mow the same
lawn. How longwill it take if they mow thelawn togeher? (They start at opposte sides
and work toward each other.)

a 12hous b. 7hous c ! 17hous d. ! 42minutes e ! 9minutes

7. Onacertain map, 15 miles are represented by one-hdf inch. On the same map, how many
miles are represented by 3.75 inches?

8. How many of thefirst onehunded postive integers contain the digit 1?

9. Thesum of two conscutive integersis greater than three butlessthan 13. Wha isone
possible integer fitting these conditions?

10. Givethreevauesfor & for which thetrinomia 3x2 + kx + 6 factors.
Answers

1. E 2. E

3. B 4. B

5 C 6. C

7. 1125 miles 8. 20

9. Anyof 2, 3, 4, or 5will work. 10. 19,911 £19,-9 B11
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