ANALYTIC TRIGONOMETRY 131161314

Students began ther study of trigononetric fundionsin Chapter 8 when they learned
aboutradiansand trandorming trig fundions Here they will learn howto solve equaions
with trig fundionsby opeating onthe variable. Thiswork will review theinverse trig
fundionsas well asintroduc thereciprocal trigorometric fundions Seethe Math Notes
box following problem 13-69 on page 684

Example 1

For wha values are thefollowing equaionstrue?

a cos!/ =§ b. 2sin! =2 C. cos! =5

Althoughthefirst indinaion mightbeto use theinverse fundion to solve theequaionin
pat (a), tha will not completely answer the question.

cos6 = @
_ V3
cos*(cosh) = cos? (7)

6= % radians

You mightrecall that thegrap JQf f(X) = cosx isacyclic

=43
fundion, andthegraphof y = 73 isahorizontal line By < A\ > 7>
graphing both equaionsonthe same set of axes, we see tha \ / \ /
they intersect infinitely many times. Solving by usngthe X
inverse trig fundion gives usonesolution. How do we find
all solutions?

It hdpsto remember theunit circle. For what valuesof /
does cos ! =73? Two pointsareeasilyfound:% and! 5.

How dowe findtherest? On theunit circle, we can reV|S|t %
and ! 7 at each rotation of 2z. Therefore, notonly does 5
maketheequ”atlontrue butso do ’é+ 2r, 6 + 4! g + 6!,
Similarly, ! 5+2", —% L+4r, ! 516", E will aso makethe 1
equaiontrue We can summarize thisinformation as

I = J_r%+2”n, for adl integers n. Note: There are other ways to

write this solutionthat are equivalent to this expression.

-
sl
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Using the same methodfor pat (b), we find: 2§n! =42

sin! :%
Some students might see the solutionto part (¢) quickly.
Sincetherangeof f(x)=cosx is!1" y" 1, this ! =sin"1(72)
equdion has no solution. | _#
T
$ 1 =2 +2un

Example 2

Graph f(x)=cos 1 x and g(x) =tan' ! x onseparate axes. How can yourestrict thedomain so
that these are fundions?

Because thegraphsof y =cosx and y = tan x are cyclic (repeating), if we used our carbon
paper method of graphing theinverses, they toowill becyclic. The problem istha they will not
befundions because they will fail thevertical linetest.

y y y=tanx
1 y = COSX 1
/ . X
2
, * _ Am /
y y
/ e I
< y= cos™L x
! /r
-—m—}% (—/974X
By restricting thedomain of the origind fundion, we create an inverse tha also has arestricted
domain andistherefore afundionaswell. Thereareinfinitely many restrictionswe can make;
however, the conventionisto restrict thedomain of y=cosx to 0! x! ", andto restrict the

domain of y =tanx to — % <x <Z. These adjusments produce the necessary restrictionson
theinverses so tha they are also fundions

™ x
T

Graphof y = cos ' x with the ’
domain restricted to BL! x! 1. rengerestricted to ! > <y <.

Graphof y = tan'?

X with the
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Example 3

Let f(x)=9nx, g(X)=cos X, and h(x) = tan x. Graph each of thefollowing equaionson
separate axes.

-1 -1 -1
=% Y= Y= h

Compare your graphsto the graphsof these equaions

y=sn'1x y=cos™! x y=tan'lx

Thefirgt three fundionsare thereciprocal fundions of sine cogsneandtangent. However, rather

than writing them as reciprocals (ﬁ) , they are given new names:

1 _
Sjnx—cosecantx

1 _
anx COtangmtX

Theabbreviationfor cosecant is csc, for secant it is sec, and for cotangent itiscot. Ther graphs

L WL e
AR Afs I

Since these are reciprocal fundions everywhere the first fundionswere zero, the corresponding
reciprocal fundionswill beunddined. Check tha thisisthe case.

In comparing these fundionsto theinverse trig functions it isimportant to note tha
L1 sin" ! x (and similarly for theother corresponding fundions). Thisis very clear by

sin X
examining thegraphs The exponent of A1 Gtells usthefundionistheinverse, notthe
reciprocal.
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Problems

For each of thefollowing problems, find al the solutions Y ou may use your calculator but
remember that your calculator only gives oneanswer.

1. 2cosx=+/2 2. S5tanx!5=0 3. 4cox-1=0

4. 4sn?x=3 5. snx+2=3snx 6. tan?x+tanx=0

Graph each of thefollowing equaionson a separate set of axes. Labd all theimportant points.

7. y=3CxX 8. y=4+secx 9. y=cot(Xx—m)
Answers

1. x:iz+2’nforalllntegerSn

2. x=%4+!n fordlintegers n.

3.  x=xZ%n fordlintegers n.

4.  x=%+2I'nand x=+2E+2zn foral integers n.

5.  x=4+2/n fordlintegers n.

6. x=nzn foral integarsand n, x:%"+! n foral integers n.

7. 9.

Mo Y L
NN RN RN
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TRIGONOMETRIC IDENTITIES 13211323

By graphing different trigonormetric expressions students realize tha some expressions
are equivalent to othes. These equivalent expressionsare known astrig identities. These
identities allow students to rewrite and solve many more trigonorretric equaions Seethe
Math Notes box following problem 13-128 on page 695.

Example 1

raphthefundion f(x) = I tan? X. onthegraph, wha can you condudeaboutthis
Graphthefundion f(x)=—% 2 x . Based onthegraph, wh dudeaboutthi

COS™ X '
expression?(Tha is, wha trig identity can you write?) What subgitution can you make in the
identity so tha younolonger have afraction?

Before thewidespread availability of calculators, students used tablesto look up thetrig values
of variousangle measures. Since tables were cumbersome, students would memorize hundeds
of trigonametric identities so tha they could quickly rewritetrig expressions Knowing tha

sin 2! =2sin! cos! , for indance, meant tha atrig table of values did not need to extendto
120j angles. A student could rewrite sSin120 as 2 sin 60j cos 60j , and use thevalues for 60;.
This also alowed students to rewrite trig expressionsin equaions making the equaionssmpler
and easier to solve.

By graphing the given fundion above we can

readily see tha thefundionisacondant, tha is, a ;
horizonta line Thisgraphis equivalent to the graph T F(X)= L1 tan?x
of y=1. Becausethar graphsare equivaent for all 1 cof X -

values of x, theexpressionsare also equivalent.
Therefore we can write

1
cos“ X

I tanZ x=1

Thisisnow atrig identity. How can we rewrite this so it nolonge has afraction? Since

1 _ .
cosx SecC X, we can write

sec?x! tan®x=1,
Thistrig identity is more commonly written as

1+tan®x = sec® X
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Example 2
Provethefollowing trig identity:

snx 1-cosx —
SNx 4 17C0Sx —
1-cosx snx 2CCx

Anothe practice common before the advent of calculators was the proving of trig identities.
These proofs usudly employ algebraic stepsand previoudy proven identities to show tha one
sideof theequaion equdstheother. For theidentity above we will start with theleft side of the
equdion, g& common denominators so we can add the fraction, and see where it takesus Often
with these proofs, you have to try different thingsto see where they take you. It isaso important
to be awarezof therighthand side of the equaion, which isour god. Remember that

mezm.

?
snx 4 1-cosx —
1-cosx + sin x 2CCX

Snx 4 1-cosx — snx (_sinx 4 [21-cosx].[1-cosx
1-cosx snx snx \1-cosx 1-cosx snx
- sn? x (1-cosx)?
(snx)(1-cosx)  (sinx)(1-cosx)

_ sn? x+(1—cosx)2
~  (snx)(1-cosx)

sin? x+1-2 cosx+cos? x
(sn x)(1—-cosx)

- sin? x+cos? x+1-2 cosx
(sin x)(1-cosx)

— _1+1-2 cosx
(sin x)(1—cosx)

— __2-2cosX
(sin x)(1—cosx)

_ 2(l-eesX)
" (sinx) (1-eosX)
=_2_

Sn X
=2CC X

This proves tha thisidentity istrue
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Problems

1. Showgraphicaly that sin(x + y) doesnotequd sinx+siny.

2.  Graphicaly, determinewha cogqx + 90;) equds.
3. Graphicaly, determinewhat sin(180°! x) equds.

Provethefollowing identities.

4, Sh2c —coty
2sin? x
N2 y — fan x—cot x
5.  sin? x—cos® x = fnx-cotx
6 sin? x =11 _1
' 1+cos X T osec X

7. cost x—sn?x=2cos? x—1

1 1 2
8. Trgnx tirany - 2SECTx

Answers
1. Thegraphsare na thesame.

2.  cos(X+90j)="! sinX

3. dgn@8C! x)=s8nx

in 2 ?
4, LZX: cot X
29n“ x

Sn2x _ 2SnXxCosx
2gn2 x  2sinxsinx
_ 281X cosx
281X sSnx

— 00SX

sin x

=cot X
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tan x! cotx
tan x+cot x

sSin x,; cosx
— COSX__snX
sn X, cosx
COSX SinX

sin? x! cos? x

sn? x! cos? x
— _ SinXcosx

sn? x+cos? x
sSin X COSX

_ sin? x! cos? x

sin? x+cos? x

=sn? x! cos? x

. 2
sin? x L1 12
1+cosx "osecx

= (1! cos)c)"(ﬁ%)

_ (1! cosx)(1+cosx)
- 1+cosx

=1 cos? x
1+cosx

— sin? x
1+cosx

cot x! Sn? x22cof x! 1

cos? x! sin* x= (0032 x+sin? x)"(0082 x! sin? x)

:1"(0082)6! sin? x)
=cog x! (1! co x)
=cos? x! 1+cos? x

=2cos?x! 1
1 1 2 2
1!sinx+1+sinx_2$C X

(1+sinx)u( 1 )+(1!sinx)u( 1 ):

1+sin x 1l sinx 1!l sinx 1+sin x
l+snx+1lsnx —
(I+sin x)(1! sinx)

N
|
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SAT PREP

1. If 7x<2y and 2y <9z, which of thefollowing statements is true?

a 7x<9z b. 9z<7x C. z<X d. 7x=9z e 7X+1=9z

2. If f(t)=5t! 15, then at wha valueof r doesthegraph of f(t) crossthex-axis?

a Bi15 b. £Eb c. O d 2 e 3

3. If pP°+3=p°+w,thenw="2

a E8B b. -¥3 c. 3 d 3 e 3P

4. Foral postivenunmbes j and £, let j! k bedefined as ;Tj]; Wha isthevaueof
1,018V4.5? '
a 1036 b. 1036 c. 1036 d. 1036 e. 10360

5. If anumbe isroundel to 26.7, which of thefollowing values could have been the origind
nunmber?

a 26 b. 26605 C. 26655 d. 26776 e 27

6. On acoordinae plane the center of acircleisat (9 ,ER).
If thecircle toudhesthey-axisin only onepoint, what is !

theradiusof thecircle?

7. Thefigure at right shows three squares with sides of
length 6, 8, and &, respectively. If points4, B, andC lie
online [, wha isthevalueof £?

6 8 k

8. Exactly 8750utof 7000seniors at college are mgjoring
in mathematics. What percent of seniors are NOT majoring in mathematics?

9. Five SnookeBars cog as much as 2 Sodiepop Swirls. If the cog of oneSod epop Swirl
and oneSnookeBar is $1.75, wha isthe cod in dollars of 1 Sodiepop Swirl?

10. Thehighest score possible on Professor Snape test is 100and thelowest is0. Harry,

Ron, Hermione and Neville@ tests had an average of 86. If Neville gat thelowest score,
wha isthelowest possible score he could have gatten?
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Answers

1. A 5. C 9. $125

2. E 6. 9 10. 44
32

3. D 7. 32

4 A 8. 875%
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