SEQUENCES 211217

Chapter 2 covers anew topic tha lendsitself nicely to enhandng previoudy-learned
skills. Studentsinvestigate sequences by looking for paternsandrules. Initialy,
students concentrate on arithmetic sequences (sequences generated by adding a congant
to the previousterm), then consder geometric sequences (sequences generated by
multiplying the previousterm by acondant). While investigaing these sequences,
students practice solving systems of equaionsand ssimplifying expressionsusng thelaws
of exponents. For furthe information see the Math Notes boxes following problems 2-5
on page56,2-23 onpage 62, 2-350n page66, 2-85 on page 83, 2-97 on page 86, and
2-1090n page 92

Example 1

Peachy Orchard Developers are preparing land to create alarge subdivision of single-family
homes. They have already built 15 houss onthedte. Peachy Orchard plansto build six new
homes every three months Create atable of values tha will show the nunber of houssin the
Peachy Orchard subdivision over the course of oneyear. Write an equaionrelating thenumber
of houss over time. Wha typeof fundionisthis? Investigate thisfundion.

Since thesubdivisioninitialy has 15 homes, 15 will betheamourt at timet= 0. After three
months, or one quarter of theyear, therewill besix more, or 21 homes. After the second
guater of theyear, therewill be 27 homes. After each quater of theyear, we add six homes to
thetotal number of homesin the subdivison. Because we are

nu;[r’]g: of totglnz{ut;%er adding a congant amountafter each time period, thisisan
quarters of homes | arithmetic sequence. All arithmetic sequences are linear, so
0 15 thisfundionisalinear fundion. (We could also see thisfrom
1 21 thetable.) Note: We stoppel at t = 4 because the problem
> 27 asked for thenumbe of homes over the course of oneyear.
3 33 Oneyear isfour quaters.
4 39

If we assume tha the patern in thetable extendsbeyond oneyear, we can find the equaion for
this situation by usng thefact tha thisisalinear fundion. Oneway to findthe equaionof a
lineisto use two points ontheling calculate the dope(m) between thetwo points, and use the
point-dopeform of the equaion. This methodwould look like the steps shown bd ow:

Choo< (1, 21)and (4, 39 point-dopefom: yly, =m(x! x)
dope= g: 1= ey ue (1, 21)andm=6 y! 21=6(x! 1)
=3921 yl 21=6x! 6
4r1
18 y=6x+15
m=s3
m=6
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We write theequaionas t(n) = 6n +15to show that thisis an arithmetic sequence tha will find
thenunmber of houssin thesubdivision after n quarters.

To Onvestigate this fundionOmeanswe need to look at the
intercepts, domain, range shape and behavior of thefundion.
They-interceptis (0, 15). Thereare nox-intercepts. The 40
domain conssts of integers greater than or equd to zero. The
rangeconssts of they-values of the points tha follow therule
t(n)=6n+15when n! 0. Thereare noasymptotes. The 20
graphislinear andis shown at right This graphis discrete 10
(separate points) rather than continuous(connected).

30

Example 2

When Rosatripped and fell into amuddy pudde at lunch (shewas so embarrassed!), sheknew
exactly wha would hgppen: within ten minutes, the two girls who saw her fall would each tell
four people what they had seen. Within the next ten minutes, those eight students would each
tell four more people. Rosa knew this would continueuntl everyonein theentire school was
talking abouthe muddy expeience. If there are 2016 students in the school, how many
Qyenerationgof gossiping would it take before everyonein the school was talking about Rosa?
How many minutes would it take? Investigate thisrelationship.

At timet =0, only two people see Rosatrip and fal. After ten minutes, there are eight students
gossiping aboutRosa. After another ten minutes, since those eight students will each gossip with
four more students, there will be 32 students gossiping. Each time we multiply the previous
number of students by four we get the next number of students. Thisis

an example of an exponential function (also a geometric sequence), n t(n)
and themultiplier isfour. Werecord thisin atable as shown at right, 0 2
with n beangthenumber of ten minute increments since Rosa@ fall, 1 8
and t(n) isthenumber of students discussing theinddent at tha time. 2 32
By continuing thetable, we note tha at timet = 6, 2048students are S 126
discussingthemishap. Sincethereare only 2016sudentsin the 4 012
school, everyoneis gossiping by thesixth ten-minute increment of 2 ;823

time. Therefore, just short of 60 minutes, or alittle before onehor,
everyoneknows aboutand is discussing Rosa@ fall in themuddy puddE.

This fundion can berepresented by theequaion t(n) = 2(4)". (Note:

There are additiond ways to write thisrelationghip, induding t(n) = 22"+1 ) e
or t(n) = 2(2)2".) Thisresult isafundion,andfor this situationthe
domain isintegers greater than or equd to zero. Therangeisthey-values
of theset of points satisfyingthe equaion for thevaluesin thedomain. 300
There are no x-intercepts, but they-interceptis (0, 2). For this

relationship, thisfundionis discrete, and it is exponential. Thegraphis 200

shown at right 100 .

400
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Example 3
Congder thetwo sequences:

A: £B, B6, E2, 1,E
B: 256,128, 64,E

a.  For each sequence, isit arithmetic, geometric, or neither? How can you tell?
Explain completely.

b. Wha aretheinitial values and generators for each sequence?
c. Foreach sequence, write an equaion representing the sequence.
d. Is378aterm of sequence A? Judify your answer.

e s % aterm of sequence B? Judify youranswer.

To deerminethetype of sequence for A and B above we have to look at the growth of each
sequence.

A: B8, E5, E2, 1, E
\ /NN
+3 +3 +3
Sequence A is made (geneated) by adding three to each term to get thenext term. When each

term has acommon difference (in this case, G-3Q the sequence is arithmetic.
Sequence B, however, isdifferent. Theterms do not have acommon difference.

B: 256, 128, 64, E
\ S\
P28 B4

Ingead, these terms have acommon ratio (multiplier). A sequence with acommonratioisa
geometric sequence.

Theinitial valuefor sequence A is B8, and has a generator or common difference of +3. For
sequence B, theinitial valueis 256 with a generator or common ratio of % . Knowingtheinitia
value and geneator for each sequence will hdp with writingthe equaions An arithmetic
sequence has an equdion of theform t(n) = dn+t(0) where d isthecommon difference, and
t(0) istheinitial value For sequence A, theequaionist(n)=3n! 8,forn=0,1,2,3,E
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Use this equaionto verify tha t(0) = £8, t(1) = £5, etc. With theinformation we have, writing
theequaion for sequence B is aso straightforward. Thegenera equaion for ageometric
sequenceis t(n) = [t(O)] (m)" where t(0) istheinitial valug and misthe commonratio
(multiplier). For sequence B, theequdionis t(n) = 256(5 forn=0,1,2 3 E Agan, verify
tha t(0) = 256, t(1) = 128, etc.

To check if 378isaterm in sequence A, we could list theterms of the sequence outfar enough
to check, buttha would betime consuming. Ingead, we will check if thereisaninteger n tha
solves 3n! 8=378.

3n! 8=378
3n =386 When we solve, n isna awhole number,

= 386-10g2 therefore 378 cannotbeaterm in the sequence.
3 3

Similarly, to check if % isaterm in sequence B, we need to solve 256 (%)n = %, andlookfora

whole number solution.

Althoughsolving an equaionlike thisis
probably new for mog students, they can solve

| i256( | )n -1l this problem by usng guess-and-check. Also,
256 2] T 256 4 by writing both sides as a power of 2, students
(l)n 1 can see the solution easily.
2 1024
N Since the equaion has awhole nunber
(5) T 10 solution, 1 isaterm of sequence B.
n=10
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Problems

Each of thefundionslisted bdow defines a sequence. List thefirst five terms of the sequence,
and state whether the sequence is arithmetic, geometric, both or neither. Remember to start with
t(0) and judify your respon<.

1. t(n)=5n+2 2. s(n)=3!'8: 3. um)=9n!n? 4. tn)=(4)"

5. S(n):(%)n 6. u(n)=n(n+1) 7. t(n)=8 8. s(n)=3n+1

|dentify each of thefollowing sequences as arithmetic or geometric. Then write theequdiontha
gives theterms of the sequence.

9. 48,24, 12 6,3 E 10. $,3,10,17,24,E 11. 43,39 35 31,27, E
2 1 3 9 27 - -
12. 5.5, 3. 3 pg-E 13. 5,86,5,86,5,E 14. 10,1, 0.1,0.01 0.001,E

Graph thefollowing two sequences on the same set of axes.

15. t(n)=!6n+20 16. 1,4,16,64,E

17. Do thetwo sequences of thelast two problems have any termsin common? Explain how
you know.

18. Every year since 1548,the average height of ahuman mae hasincreased sightly. The
new heightis 10005% of wha it was the previousyear. |If theaverage male@ heghtwas
54inchesin 1548,wha isthe average height of amale in 2008?

19. Davis has $540in his bank accounton his fourth birthday. If his parents add $040 to his
bank account every week, when will he have enoughto buy the new SmokinODerby race

car set which retails for $2499?

20. Investigaethesequence t(n)=!4n+18.
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Answers

1. 2,7,12 17, 22 arithmetic, commondifferenceis5.
2. 3,Bp,B13,E21,ER9, arithmetic, common difference is EB.
3. 0,8, 14,18 20 nethe
4. 1,P4,16,864,256,geometric, commonratio is 4.
5 11 e 16 64 256 geometric, commonratiois 7 .
6. 0,2, 6, 12 20, nather
7. 8,8, 8,8, 8, both, commondifferenceis0, common ratiois 1.
8. 17,3,13.4  aithmetic, common differenceis 3.
9. geometric, t(n) = 48(%)n 10.  arithmetic, 1(n)=7n! 4
. . . n

11. arithmetic, t(n)=!4n+43 12. geometric, t(n) = (%)(%)

13. geometric, t(n)=5(!1)" 14.  geometric, t(n) =10(%)n

15.and 16. 17. No, they donot Thegraphisdiscrete, or just

i) 15:0 points, which are theterms of each sequence.
o Since they do not share a common point, they
© 16:0 do not have any termsin common.
10
o
o

Q ° n

} 5

18. 1n1998,54(1.000594°01 67.96inches.

19. t(n)=0.4n+5.4, so solve 0.4n+5.4! 24.99. n=48975. In 49 weeks hewill have $25.
If hemug aso cover tax, hewill need another three or four weeks.

20. Thisisafundion, it represents an arithmetic sequence, the graphis discrete butthe points
arelinear. They-interceptis (0, 18), thereisnox-intercept. Thedomain isthewhole
numbes (0, 1,2, 3,E) , therangeisthesequenceitself: 18,14,10,6,2,E2,E Theeare
no asymptotes.
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EQUIVALENCE 221D226

Solving equaionsis a skill tha algebrastudents practice agreat deal. In Algebra 2, the
equaionsbecome increasingly more complex. Whenever possible, it is bendficial for
students to rewrite equaionsin asimpler form, or as equaionsthey aready know howto
solve. Thisisdoneby recognizing equivaent expressionsand developing algebraic
strategies for demondrating equivalence.

Example 1

Emma and Rueben have been given a sequence they have never seen before. It does not seem to
fit as an arithmetic or a geometric sequence.

n t(n .

0 E§3()) After agreat dedl of brain strain, Emmaexclaims CHey! | seea

1 86 patern! If welookat the differences between thet(n)@, we canlist the
5 0 whole sequence! O Rueben agrees, COh, | seeit! Butwhata pain to

3 7Y listit all out We should beable to find a formula.O

4 P12 . , o

5 B0 CNow that we see a pattern,OEmma says, OLet@ each spend some

6 86 time thinking of a formula.O

After afew minutes, both Rueben and Emma have formulas. ONait a minute! Osays Rueben.
Orhat@ nottheformula | got My formulais t(n)=n?! 7n! 30, butyour formula is
t(n) = (n+3)(n! 10). Which oneof usisright?0

a.  Whoisright? Jugify your ansver completely.

b. Later Tess, another team member, says CHa! | have therightequaion! It is

2 . .
t(n)= (n ! %) ! % .O Rueben comments Ovou are really off, Tess. Thatisnowhere near

therightansver!O |s Rueben correct, or has Tess foundanother equaion? Jugify your
answer.

We can show tha both Rueben and Emma@ equaionsproduce the values in thetable by
subgituting different values for n, buttha would only show tha they are equivalent for those
specific values. We mud show tha thetwo equaionsare equivalent agebraicaly in order to
verify tha they arethesame. To dothis, we can use algebrato rewrite oneequdion, and
hopdully ge the other one

t(n) =(n+ 3)(n-10)

=n2-10n+ 3n-30

=n?2-7n-30
We started with Rueben@® equaion, and throughalgebraic manipulation, the result is Emma®
equdion. Thereforethey are equivalent.
Chapter 2: Sequences and Equivalence 19



Similarly, we can manipulate TessOequation to see if we can get either of the other two

. . . . . 2
equdions If we can,thenit tooisequivalent. Start byexpandlng(n! %) :

2
- 7 169
- 7 49 | 169
=21 2(1)(n)+ 421 160
—n2 120
=n=!7nl 2~

=n2! 7n! 30

Tess has an equivalent equaionaswell. Theaefore al three are equivalent expressions

Example 2

Solve thefollowing equaion by rewriting it as a smpler equivaent equéion: % X2 % x=1.

This equaion would bemuch simpler if it did nothave any fractions so multiply everything by
32to eliminae thedenominaors.

32( &%t 1x)=32(1)

32(% x2)! 32(%x)=32
x21 4x =32

To solve a quadratic equaion, we set it equd to zero, and solve by either factoring or usng the
Quadratic Formula. Since the equaion appears to be easily factorable, we will use tha method.

x21 4x=32
x21 4x! 32=0
(x! 8)(x+4)=0
x!8=0,x+4=0
x=8, x=14
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Example 3

Decidewhethe or notthefollowing pairs of expressionsor equaionsare equivaent for all
values of thevariables. Jugify your answver completely.

a Ja+b andVa++b b. 12 andiZ+L2
+4 4 2 +6x! 1= x2 +18x]|
c. XdandX+2 d.  3x“+6x!1=x°+18x! 14and

2x21 12x+13=0

In pat (a), choos different values for a and b to check. For indance, if a=1andb = 2, then we

would have v1+2 =+/31 1732, and V1 ++/2 =1++/2 | 2.414. Thereforethetwo expressions
are notequd. (Note: These expressionsare only equd when both a and b are equd to zero.)

Try any valuefor x in pat (b), andthetwo expressionswill notbeequd. For example, if x=1,

then 57 =13=% and 5+ =7 +5=12+3=15.

Note tha you only need to find oneexample thedoes not work to demondrate tha thetwo
expressionsof equaionsare notequivalent. This srategy is known as a counterexample.

Theexpressionsin part (¢) demondrate how we add fractionswith common denominaors: by
adding the numerators.

You may wish to try some values of x in thetwo equaionsof part (d), buttheequaionsare
fairly messy. Inaddition,usngafew values would not show tha the equaionsare equivalent
for all vauesof x. Itiseaser to simplify thefirst equaionto seeif it resultsin the second
equdion.

3x2 +6x! 1=x2+18x! 14
2x2 +6x! 1=18x! 14
2x21 12x! 1=114

2x21 12x+13=0

Theresult isthesecond equaion. Therefore, these two equaionsare equivalent.
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Problems

Rewrite thefollowing expressionsin a smpler form.

mn 0}

1 (3x'2)'5(4x3) 2. 2% 3 gen1af
. . | . | 1

X7y i(!?,x“yzz)' 2 &

Decide whether or not the following pars of expressions or equaions are equivaent for any
values of thevariables. Jugify your answver completely.

4. 3x+3=6x+6 and 5 3r+dy=12andy=3x!3
X+3=X+6
6. (0.5x+1)(0.5x! 2)=0 and 7. y-9=-3(x-2) and
2 = -_3
2xc! 4x116=0 y-3=-3(x-8)

For each sequence bdow there are two equaions Decidewhether or not the equaionsrepresent
the sequence, and whether or notthe equaionsare equivalent. Jugify your answer.

8. 9.
n | o] 1| 2 | 3| 4 n | 1] 2| 3| 4] 5
tn) | 14 | 112 | 8 | 5 | 2 tn) | 128 | 64 | 32 | 16 | 8
A:t(n)=!3n+14 A: t(n)=28'n
B: t(n)=!3(n! 4)+2 !
(n)=13(n! 4) 8. t(n):128(%)n'1
10. 11.
n | 1] 3|5 | 7|9 n | o] 1| 2 | 3| 4
tn) | 9 | 49 | 121 | 225 | 361 t(m‘g‘%‘%‘%‘%
. — 2 n
A: t(n) (2(n+1)1)2 A 1(n)=(8)
B: t(n)=4(n+3
2 B: t(n) = 8(})
Simplify, and then solve thefollowing equaions
12. 100x?+500x = ! 600 13. x+2y=30
2x!'y=5
x!'1 7 1
14. T!&_E 15 x2+3x+2+x2+4x!5_ X2 + 6X

%21 x1 6 x2+2x1 15 x2+4x! 12
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4x13
1 243
2 38

X7
31

4. No,inthefirst equaion, x=!1. Thesecondequaion has no solution.

5. No, (0, 3) worksin thefirst equaion but notin thesecond. The standard form of the
secondequdionis 3x! 4y=12.

6. Equivalent. Multiply thetwo binomiasin thefirst equaiongoget 0.25x2! 0.5x! 2=0.

Then multiply al of theterms by 8.
7. No, rewriting theequaionsin dopeintercept form produces different y-intercepts.
8. A and B both represent the sequence, and are equival ent.
9. A and B both represent the sequence, and are equival ent.
10. A and B both represent the sequence, and are equivaent.
11. Only B representsthe sequence. They are not equivalent.
120 x2+5x+6=0, x=12, x=13
13. (5,5)
14. x=4
15. x=0,1

Chapter 2: Sequences and Equivalence
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CHECKPOINT PRACTICE PROBLEMS

Starting in Chapter 2, severa problems are marked with theicon shown at right
This icon indicates a GCheckpointOproblem for an Algebra 1 topic tha students @/
should be able to solve correctly at this pointin thecourse. If the student needshdp

to solve thiskind of problem, or cannotcongstently solve them correctly, then the

student needsadditiond practice with this type of problem. After each Checkpoint, thestudent
will be expected to solve tha type of problem easily and accurately.

The Checkpoint problems for Chapter 2 are problems 2-47 and 2-101 (solving a system of two
equdionswith two unknowns) and 2-152 (multiplying polynomials). The practice problems
bdow cover only these two topics.

Solve each system bdow by graphing each line and finding theintersection. Then solve the
system algebraically to check. (problem 2-47)

1 y=5x! 3 ) 3x! 4y=12 3 x! 6y=15
y=2Xx+6 - Tx+4y=8 "~ Bx+2y=11
=2 X+2y=5 x=12y! 8
4 Y 3X*9 5. Y 6. ’
I X+ 6y =27 3x! y=1 2x! 3y=5
X+y=6 =1 X+3y=1
6 Y_ g Y > X+5 9 'Y_
y = 2X X+4y=8 2xl'y=9
dx+y=2 =4x+11 2x! 2y=3
10. |2y_14 11. y_' 1 12. 1 ’
x! 2y= y=1Xx+ x=5yl1

Solve each system of linear equaionsin two variables. (problem 2-101)

5X + 2y = 23 2x+3y =24 =3x12
13, y 14. y 15, Y73

-X—-3y=-2 y=2x!38 l4x+7y=14

X+9y=19 18x! 6y=0 3x+4y=32
16. 17. L 18.

x! 5y=5 y=1x+5 4x+3y=31

Multiply and simplify each expression bdow. (problem 2-152)
19. 14(3x! 5y) 20. (x! 3)(2x+7) 21, (2x! D(x2+7x! 2)

22. (5! 3x)2(2x+5) 23. (x! D(x%2+x+1) 24. (x! 2)(x+2)(x2 +4)
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Answers

1. (3,12

4. (-9,3

7. (2,9

10. (2,! 6)

13. (5,81)

16. (10,1)

19. !12x+20y

21, 2x3+13x2! 11x+2
23. x31'1

Chapter 2: Sequences and Equivalence

11.

14.
17.

20.

22.
24,

(219

1,2

(14,3

(12,3)

(6,4)

(2,6)

2x2 +x! 21

18x3! 15x2 1 100x +125

x*1 16

12.

15.
18.
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SAT PREP

26

If B1 <t <0, which of thefollowing statements mug betrue?
a t3<t<t? b. t? <t3<t C. t? <t <t3

d. t<t3<t? e. t<t?<t3
Withouttaking a single break, Mercedes hiked for 10 hours, up a mountin and back down
by the same path. While hiking, sheaveraged 2 miles pe hourontheway up and 3 miles

per hourontheway down. How many miles was it from the base of the mourtain to the
top?

a 4 b. 6 c. 9 d 12 e 18

When a certain rectangle isfolded in hdf, it formstwo squaes. If theperimeter of oneof
these squaesis 28, what isthe paimeter of theorigind rectangle?

a 30 b 42 c. 49 d. 56 e Cannotbedeermined fromtheinformation
given.

A class of 50 girls and 60 boyssponsred aroad rally race. 1f 60% of the girls and 50% of
theboyspaticipaed in theroad rally, wha percent of the class participaed in theroad
raly?

a 545% b. 55% c. S575% d. 88% e. 110%

Thesum of four consecutive integesis s. Intermsof s, which of thefollowingisthe
smallest of these fourintegers?

sl 6 sl 4 s!'3 sl 2 s
a 7] b. 7 C. 7 d. 7] e 3

On acertain map, 30 milesis represented by one-haf inch. On the same map, how many
miles are represented by 2.5 inches?

How many of thefirst onehunded postive integea's contain the digit 9?

Thesumof n andn + 1isgreater than five butlessthan 15. If n isaninteger, what is
oneposiblevaueof n?
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9. Inthefigureatright,! ABCisaright triangle and B

y_6 i
& =15+ Whaisthevalueofy? 8

10. Forthree numbers a, b, and ¢, theaverage (arithmetic mean) is twice the median. If
a<b<c,a=0,andc=kb, what isthevalueof k?

Answers
1. D
2. D
3. B
4. A
5 A
6. 150miles
7. 19integers
8. ncanbe3, 4,5,0r6.
9. y=36

10. k=5

Chapter 2: Sequences and Equivalence
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